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&& X22 X30 X51 X52
!! X1216

Recall: Generic Approach of CSB
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All models are abstractions of real systems and 
processes

Nevertheless, they serve as tools for engineers and scientists to 
develop an understanding of important systems and processes 

using mathematical equations

Mathematical Models
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Why Networks?

 Focus on the organization of the system 
(rather than on its components)

 Simple representation

 Visualization of complex systems

 Networks as tools

 Underlying diffusion model (e.g. evolution on networks)

 The structure and topology of the system
affect (determine) its function
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Networks in Biology

 Molecular networks:

 Protein-Protein Interaction (PPI) networks
 Metabolic Networks
 Regulatory Network
 Synthetic lethality Network
 Gene Interaction Network
 More …
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Why study metabolism?

 It’s the essence of life 
(and maybe its origins)

 Tremendous importance in Medicine
 Inborn errors of metabolism cause acute symptoms
 Metabolic diseases (obesity, diabetes) are on the rise (and are 

major sources of morbidity and mortality)
 Metabolic enzymes becoming viable drug targets

 Bioengineering applications
 Design strains for production of biological products
 Generation of bio-fuels

 The best understood of all cellular networks
24



Metabolic Networks

 Reflect the set of biochemical reactions in a cell 
 Nodes: metabolites
 Edges: biochemical reactions
 Additional representations!

 Derived through:
 Knowledge of biochemistry 
 Metabolic flux measurements
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From Pathways to a Network

http://www.genome.jp/kegg/pathway/map/map01100.html
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Metabolic Network Models
required data/accuracy /complexity  

abstraction/scale

Topological analysis
 Degree distribution
 Motifs
 Modularity
 Reverse ecology

Conventional models
 Boolean models
 Discrete models
 Bayesian models Kinetic models

 Dynamic system
(differential eq’s)

 Requires unknown 
data constants and 
concentrations

Constraint-based
 CB-Models
 Flux Balance Analysis
 Extreme Pathways
 Growth/KO effects

Approximate 
Kinetic models



COnstraint-Based Reconstruction and Analysis 
(COBRA)
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1 Glucose + 1 ATP             1 Glucose-6-Phosphate + 1 ADP

Reaction Stoichiometry

 Stoichiometry - the quantitative relationships of the 
reactants and products in reactions
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Stoichiometric Matrix
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Stoichiometric Matrix and Fluxes

vS
dt

md


 m: metabolite concentrations vector (mol/mg) 
 S: stoichiometric matrix 
 v: reaction rates vector
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Kinetic parameters

),( kmfSvS
dt

md


Reaction rate equation

Requires knowledge of m, f and k!

A set of Ordinary Differential  Equations (ODE)

A Full Model? Not Really
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Evolution Under Constraints
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 Living systems obey physical and chemical laws 

 These can be used to constrain the space of possible 
behaviors of the network

How often have I said to you that when 
you have eliminated the impossible, 
whatever remains, however improbable, 
must be the truth?

– Sherlock Holmes (A Study of Scarlet)
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Constraint-Based Modeling
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Constraint-Based Modeling



 Assumes a quasi steady-state!
 No changes in metabolite concentrations
 Metabolite production and consumption rates are equal

 No need for info on metabolite concentrations, 
reaction rate functions, or kinetic parameters

0 vS
dt

md
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Constraint-Based Modeling



 In most cases, S is underdetermined:
 a subspace of Rn (possible flux distributions)

0

0

0

 
 
 
 
 

S∙v=0

 Thermodynamic constraints:
 a convex cone vi > 0

 Capacity constraints:
 a bounded convex cone  vi < vmax45

Constraint-Based Modeling



Constraint-Based Modeling
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Constraint-Based Modeling



 But this still leaves a space of solutions

 How can we identify plausible solutions within this 
space?

 Optimize for maximum growth rate !!
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Flux Balance Analysis (FBA)
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Flux Balance Analysis (FBA)



Flux Balance Analysis (FBA)

How do we 
solve this?

Linear Programming
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Applications of CBM & FBA

 Predict metabolic fluxes on various media

 Predict growth rate

 Predict gene knockout lethality

 Characterize solution space

 Many more …
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Topological Methods

• Network based pathways: 

– Extreme Pathways 
– Elementary Flux Modes

• Decomposing flux distribution into extreme pathways

• Extreme pathways defining phenotypic phase planes

• Uniform random sampling

 Not biased by a statement of an objective
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Flux Balance Analysis (FBA) and LP Problems
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FBA Optimization Formulation

Maximizing or minimizing a postulated objective function subject to a number of
constraints gives rise to an optimization problem used to identify the metabolic
flux distributions.



Flux Balance Analysis (FBA) and LP Problems
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Flux Balance Analysis (FBA) and LP Problems
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Simulating Gene Knockouts 

Metabolic gene knockouts can be captured by FBA using the GPR relationships that
translate the effect of genetic interventions at the reaction level.



Flux Balance Analysis (FBA) and LP Problems
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Gene/Reaction Essentiality and Synthetic Lethality

A gene or reaction whose deletion is lethal (i.e., arrests growth) is called an
essential gene or reaction. “No growth” is captured in FBA as a maximum biomass
flux of zero or less than a pre specified viability threshold.

Gene non essentiality implies that there may exist other genes that provide backup
for the loss of function.



Flux Balance Analysis (FBA) and LP Problems
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Maximum Theoretical Yield of Product Formation

Many metabolic engineering applications of FBA involve the overproduction of a
target metabolite. The most straightforward way for calculating the maximum
product yield [MPY] capacity of the organism is to maximize the flux of the
exchange reaction exporting that product metabolite.



Flux Balance Analysis (FBA) and LP Problems
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Biomass vs. Product Trade Off

In most cases, the production of a chemical of interest is in direct competition with
biomass formation. As a result, maximization of the product formation flux is
associated with a zero biomass flux (i.e., no growth). This can be problematic for
metabolic engineering applications where a minimum level of growth (biomass
formation) is required.



Flux Balance Analysis (FBA) and LP Problems
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Trade‐off plot for ethanol production in Escherichia coli under the (a) aerobic
and (b) anaerobic condition in a minimal medium with glucose as the carbon source



Flux Balance Analysis (FBA) and LP Problems
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Flux Variability Analysis (FVA)

Generally, LP problems arising in FBA involve alternate optima with many flux
distributions leading to the same maximum biomass flux value. This means that
different nonbasic variables can be brought into the basis without changing the
optimal value of the objective function as they have a relative profit of zero.



Modeling with Binary Variables and MILP 
Problems
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Identifying Minimal Reaction Sets Supporting Growth

Generally, only a subset of genes is essential for cellular growth. The smallest set(s)
of genes that can support growth is referred to as the minimal gene set. While many
of these required genes have no (known) metabolic role, there exists a subset with
distinct metabolic functions necessary for biomass formation. Identifying this subset
provides insight into the minimal set of metabolic functions necessary for life. 



Modeling with Binary Variables and MILP 
Problems
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A binary variable is defined for each reaction in the network as follows 

The following MILP formulation identifies the minimal reaction set for the metabolic
model of interest:



Computational (in-silico) Strain Design 

 Top-down approaches (OptKnock, OptReg, RobustKnock, OptGene,

MoMAKnock, CiED, MCSEnumerator, …): top-down strategies iteratively search
for the metabolic reaction network until optimal solutions are identified

 Bottom-up approaches (FSEOF, OptForce, …): bottom-up approaches
discover appropriate intervention strategies by comparing two flux distributions
associated with the wild-type strain and the desired one.
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Computational (in-silico) Strain Design 
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Computational (in-silico) Strain Design 
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Computational (in-silico) Strain Design 
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OptKnock

OptKnock recognizes that organisms tend to counteract any externally imposed
genetic perturbations through the redirection of metabolic flux to restore cellular
growth. It aims to design reaction eliminations that reshape network connectivity
in such a way that the production of the target metabolite is maximized while the
organism still maintains maximum biomass production yield under the constraints
imposed by gene knockouts. Often, this renders the targeted overproduction an
obligatory by product of biomass formation.



Computational (in-silico) Strain Design 
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Computational (in-silico) Strain Design 
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Computational (in-silico) Strain Design 
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Computational (in-silico) Strain Design 
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OptKnock Modifications

RobustKnock

A potential limitation of OptKnock arises when the suggested mutant involves a
range of product formation yields under maximum biomass conditions. This is
because OptKnock always selects the most optimistic (i.e., the highest) flux for
the product formation under the maximum biomass condition eventhough the
actual product formation flux can be less than this maximum or even zero (i.e.,
uncoupled from growth). RobustKnock is a modified version of OptKnock that
was developed to address this issue by optimizing the worst case scenario for the
product formation while maximizing the biomass flux. To this end, the objective
function of the outer problem in OptKnock is modified as:



Computational (in-silico) Strain Design 
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which leads to a trilevel optimization problem as follows: 



Computational (in-silico) Strain Design 
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Computational (in-silico) Strain Design 
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Computational (in-silico) Strain Design 
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Computational (in-silico) Strain Design 
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Escher Examples
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Thank You for Your Attention!
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